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Abstract
Making use of known facts about “tensor models,” it is possible to construct a quantum
system without quenched disorder that has the same large n limit for its correlation functions
and thermodynamics as the SYK model. This might be useful in further probes of this approach
to holographic duality.
ar
X
iv
:1
61
0.
09
75
8v
2 
 [h
ep
-th
]  
3 N
ov
 20
16
1 Introduction
The SYK model [1, 2] is a quantum mechanical model of fermions with random couplings. The
most widely studied version of the model has N real fermions ψi, i = 1, . . . , N , with q-fold random
couplings, for some even integer q ≥ 4. The model can be described by the action
I =
∫
dt
(
i
2
∑
i
ψi
d
dt
ψi − iq/2ji1i2...iqψi1ψi2 . . . ψiq
)
. (1.1)
Here the couplings are Gaussian random variables. If we write I for a multi-index i1i2 . . . iq, the
the jI are drawn from a Gaussian ensemble with variance
〈jIjI′〉 = δII′ J
2(q − 1)!
N q−1
, (1.2)
for some constant J .
The model is solvable in the limit of large N , fixed J by a saddle point method that reflects the
fact that the dominant Feynman diagrams in this limit have a simple type. They can be generated
by an iterative procedure that is illustrated in fig. 1. At each stage of the iteration, one takes a
propagator (fig 1(a)) and replaces it by the diagram of fig. 1(b). This can be done any number
of times to generate more complicated diagrams. For example, at the second step of the iteration,
one can generate the diagram of fig. 1(c).
A model of this general type was formulated many years ago [1] to describe a spin-fluid state,
but the subject has attracted renewed interest because of the suggestion [2] that the large N limit
of the model is dual to a black hole in an emergent 1+1-dimensional spacetime. This type of model
was first discussed in relation to holographic duality in [3]. For recent work, see [4–18].
One question that one might ask about the SYK model is whether, instead of formulating it as
a model with quenched disorder, one can find similar physics in a more conventional large N limit.
One idea might be to interpret the couplings jI as quantum variables with very slow dynamics,
rather than random constants. Even if it works, this has the drawback that the thermodynamic
entropy of the jI (roughly N
q/q! bosonic variables) will overwhelm that of the ψi (N fermionic
variables).
The present paper is devoted to another approach that does not have this drawback. In fact,
there is an already known class of “tensor models” whose large N limits are governed by precisely
the same Feynman diagrams that dominate the large N limit of the SYK model. There have been
many papers on this subject, a sampling being [19–26]. In this literature, the dominant graphs are
called “melons” or “melonic graphs.” A convenient reference is [22]. The construction of tensor
models was motivated by the idea of generalizing to higher dimensions the familiar relation of
matrix models to random two-dimensional geometries.1 In that application, the dimension D is
1This idea also motivated an earlier literature on more generic tensor models that do not necessarily have a large
N limit similar to that of the SYK model. See for example [27–29].
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Figure 1: The iterative procedure that generates the leading diagrams of the SYK model for large N .
Figures are drawn for q = 4 (quartic vertices). At each step of the process, one replaces a propagator (part
(a)) with the two-loop diagram of part (b). For example, after another iteration, one can generate the
four-loop diagram of part (c).
related to the order q of the SYK interactions by D = q− 1. The status of this program is unclear,
since it is not clear that the rather special Feynman diagrams that are generated by the procedure
summarized in fig. 1 describe a useful class of random D-geometries. But because the tensor models
are governed in the large N limit by the same Feynman diagrams as the SYK model, they do give a
framework to eliminate the quenched disorder of the SYK model in favor of a more standard large
N limit.
It is not entirely clear that this is helpful, but there are at least two reasons that it might be.
First, the average of a quantum system over quenched disorder is not really a quantum system, so
the reliance on quenched disorder might make it difficult to apply the SYK model to some subtle
questions about black holes. Second, in the SYK model, certain bilinear expressions in the ψi,
which roughly speaking are “singlets” in a disorder-averaged sense, appear to have natural duals
in the emergent two-dimensional world. But it is not clear that the N fields ψi themselves have
a natural interpretation of that sort. At any rate, their analogs do not have bulk duals in better-
understood examples of gauge/gravity duality. The tensor models that mimic the SYK model can
be chosen, as we will do in section 2, to have a global symmetry group G whose dimension is
relatively large, but still much less than N . Gauging the G symmetry leaves as gauge-invariant
operators the singlet operators that are relevant in the gravitational dual description, but eliminates
the elementary fermion fields themselves. But because the dimension of G is much less than N ,
gauging the symmetry does not significantly affect the thermodynamics of the model when N is
large.
In section 2, we describe a variant of the SYK model that has a similar large N limit but
without quenched disorder. In doing this, we adapt and modify the construction described in [22]
(and other papers cited above) in minor ways. Our fields are fermion fields in 0 + 1 spacetime
dimensions rather than boson fields in 0 dimensions. Also, we construct a simple model with a
relatively large amount of symmetry (which could be gauged) and do not discuss some of the more
generic models that have been considered in the literature. None of this affects the counting of
powers of N in Feynman diagrams. As in [2] and many subsequent papers, we use real fermion
fields. As a result, the index loops we encounter are unoriented and certain two-manifolds that
arise may be unorientable. We could instead use complex fermion fields as in [1]; then as in [22],
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the index loops and two-manifolds will be oriented.
In section 3, following [22], we sketch the proof that the Feynman diagrams that survive in the
large N limit of the tensor model are precisely those of the SYK model. The 1/N corrections are
different, though the significance of the difference is not clear.
2 The Model
The model will be constructed with q = D+1 real fermion fields ψ0, . . . , ψD. Each will have n
D real
components, for some integer n, so the total number of real fermion fields will be N = (D + 1)nD.
For each a, the field ψa will transform in a real irreducible representation of a symmetry group G,
as follows. First of all, for each unordered pair a, b of distinct elements of the finite set {0, 1, . . . , D},
we introduce a copy Gab of the group O(n). Since the pair a, b is unordered, we do not distinguish
Gab from Gba. The full symmetry group of the model is then a product
G0 =
∏
a<b
Gab ∼= O(n)D(D+1)/2, (2.1)
up to a discrete quotient that we consider in a moment.
For each a, we now declare that ψa transforms as the tensor product of the vector representations
of Gab for every b 6= a, and transforms trivially under Gbc if b, c 6= a. The vector representation of
Gab is n-dimensional, and there are D groups Gab with b 6= a, so ψa has nD real components, as
stated above. With this choice for the fermion representation, a certain discrete subgroup of G0
acts trivially. The center of O(n) is Z2, acting by sign change on the vector representation, so the
center of G0 is Z
D(D+1)/2
2 . A certain subgroup Z
(D−2)(D+1)/2
2 acts trivially on all the ψa, so the
group that will be a faithfully acting symmetry group of the theory is
G = G0/Z
(D−2)(D+1)/2
2 . (2.2)
We now replace the SYK action with
I =
∫
dt
(
i
2
∑
i
ψi
d
dt
ψi − iq/2jψ0ψ1 . . . ψD
)
, (2.3)
with a real coupling parameter j. The meaning of the expression ψ0ψ1 . . . ψD is as follows. For each
a < b, precisely two of these fields, namely ψa and ψb, transform as vectors under Gab. Contracting
the vector indices of Gab for each pair a, b, we arrive at a G-invariant that we denote for brevity as
ψ0ψ1 . . . ψD.
Note that the Hamiltonian of the theory is H = iq/2jψ0ψ1 . . . ψD. This Hamiltonian is odd under
a unitary transformation that changes the sign of one of the ψa. (For a discussion of Hamiltonians
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Figure 2: Two views of the basic Feynman vertex of the theory. Here and later, figures are drawn for
quartic vertices (q = 4 or D = 3). In (a), the vertex is drawn as a simple quartic vertex with external lines
labeled 0, 1, 2, or 3. In (b), each line is resolved into three “strands,” representing how the “indices” of a
field transform under a symmetry group. For example, the field ψ0 is a trifundamental of G01 ×G02 ×G03,
so it is represented with three strands labeled 01, 02, and 03. The vertex is constructed by connecting these
strands in the only way consistent with their labeling. It can be visualized as a tetrahedron.
Figure 3: A typical diagram that survives (a) or does not survive (b) in the large n limit.
with the unusual property of being odd under a unitary symmetry, see [30].) It is observed in [10]
that the Hamiltonian of the SYK model has this property on a statistical basis. Permutations
of the ψa accompanied by corresponding permutations of the Gab are global symmetres (an odd
permutation must be accompanied by a sign change of one of the ψa).
Now we describe some basic properties of Feynman diagrams of this theory. In fig. 3, we depict
in two different ways the basic Feynman vertex of the theory for D = 3 or q = 4. In part (a), it
is simply shown as a basic quartic vertex for four fields ψ0, ψ1, ψ2, and ψ3. Propagation of one of
these fields is represented as usual by a “line” in the Feynman graph. In part (b), we take note of
the fact that each of the ψa is a trifundamental of a certain product of three copies of O(n), and so
can be considered to carry three n-valued “indices.” Accordingly, we resolve each “line” in part (a)
into three “strands” in part (b). For example, a line of type 0 is resolved into strands of type 01,
02, and 03, reflecting the fact that ψ0 transforms as a trifundamental of G01×G02×G03. Then to
construct the Feynman vertex, we connect all of the strands in the only way consistent with their
labeling, arriving at the figure.
Hopefully the reader can visualize fig. 2(b) as representing a tetrahedron, with each vertex
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labeled by an index a ∈ {0, 1, 2, 3} and the edge connecting vertices a and b labeled as ab. This
interpretation of the vertex as a tetrahedron is part of the relationship of the tensor models described
in [19–26] (for D = 3) with three-geometries. For larger D, the tetrahedron is replaced by a D-
simplex and the graphs can be interpreted as D-geometries. However, as noted in the introduction,
the dominant Feynman diagrams, for large n, correspond to a fairly special class of D-geometries.
The relation to the SYK model gives an alternative motivation to consider this class of model.
Now we make some preliminary remarks on the large n limit, or equivalently the large N limit.
To count powers of n in a Feynman diagram, it is very convenient to think about the fact that
each line in the diagram represents D strands, as in fig. 2(b). The strands can form closed loops
and, as in the more familiar matrix models, such a closed loop gives a factor of n. A difference
from matrix models is that there are different kinds of closed loops. A strand may be of type ab for
any unordered pair a, b ∈ {0, 1. . . . , D} and hence there are altogether D(D + 1)/2 distinct kinds
of strand. We let Fab be the number of closed loops made of strands of type ab, and
F =
∑
a<b
Fab. (2.4)
In [22], Fab is called the number of faces of type ab and F the total number of faces. (The rationale
for this terminology is that if one glues in a disc whose boundary is a closed strand of type ab, one
gets a two-dimensional “face” of some triangulated geometry.) Summing over index loops will give
a factor of
nF =
∏
a<b
nFab . (2.5)
Let us work this out in some simple examples. Some simple Feynman diagrams for D = 3
are drawn in fig. 3. The diagrams are drawn in the standard way, representing the propagation
of one of the ψa by a line and not resolving the lines into strands. The reason is that diagrams
soon become rather complicated if drawn in terms of strands. With a little practice, one can easily
count powers of n without drawing the strands. Every closed loop in the graph that only contains
lines of type a or b will, when resolved in strands, give a closed strand of type ab. This is the only
source of closed strands of this type, so Fab is just the number of closed loops that can be drawn
in the graph using only lines labeled a or b. We call these loops of type ab. (Loops of type ab are
always disjoint, because of the form of the interaction vertex.) For example, in fig. 3(a) one can
form a single closed loop of type 12, 13, or 23, and none of type 0a for any a. So for this diagram,
F = ∑abFab = 3. Thus the diagram is proportional to j2n3. So to ensure a large n limit, we must
take
j =
J
n3/2
(2.6)
for some constant J .
Once we scale the coupling with n so that fig. 3(a) has a large n limit, it is almost immediate
that any diagram made by the iterative procedure of fig. 1 likewise has a large n limit. However,
other diagrams vanish for large n. Postponing a systematic explanation for section 3, we first
examine in fig. 3(b) a simple diagram that is not generated by the iterative procedure. This
diagram has one closed loop of type 01, one of type 23, one of type 12, and one of type 13. With
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Figure 4: (a) The vacuum amplitude in free fermion theory is represented by this one-loop diagram (the
loop may carry any label 0,1,2, or 3). (b) The lowest order nontrivial contribution to the vacuum amplitude,
obtained by applying the iterative step in fig. 1 to the one-loop diagram in (a).
four vertices, this diagram is of order j4n4 ∼ 1/n2 ∼ 1/N2/3. Thus the diagram is subleading in
the large n or equivalently the large N limit. However, the 1/n corrections are different in this
model from what they are in the SYK model, as the expansion in that model is an expansion in
integer powers of 1/N .
The examples we have considered were contributions to the two-point function. In a similar way,
we can consider vacuum diagrams. In free field theory, we would just have the one-loop diagram
of fig. 4(a). With N fermion fields, it makes a contribution of order N . Applying once the usual
iterative step of fig. 1, we get the first nontrivial contribution to the vacuum amplitude in fig. 4(b).
It is of order j2n6 = J2N and thus is again of order N for large N . Another iterative step can
lead, for example, to the diagram of fig. 5, which is of order j4n9 = J4N . In general, the leading
contributions to the vacuum amplitude are generated by the iterative procedure and are of order
N .
3 Some Details
Following [22], we will explain how to analyze the large n behavior of the perturbative expansion
in a model of this kind. (We describe only the leading behavior. It is not clear how difficult it is
to systematically describe the diagrams that arise in each order in 1/n.)
It does not matter very much whether we study the large n limit for vacuum diagrams or
for correlation functions, since leading order contributions to the 2k-point function are made by
“cutting” k lines in a diagram that makes a leading order contribution to the vacuum amplitude.
Thus, to understand the large n behavior of the perturbation expansion, it essentially suffices to
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Figure 5: The next step in the iteration can generate this more complicated vacuum diagram, which also
survives in the large N limit.
consider the vacuum amplitude. This will give a minor simplification in the following.
Let J = (a0, a1, . . . , aD) be an unoriented cyclic ordering of the set {0, 1, . . . , D}; the term
“unoriented” means that two cyclic orderings that differ by a mirror reflection are considered
equivalent. Given such a J , we can reduce any Feynman graph G, such as the graph of fig. 5, to
the graph of a more familiar matrix model, as follows. Each line in G of type ai (for some i) can
be resolved in strands of type aib for all b 6= ai, making D strands in all. In the abstract, there is
no natural way to pick just 2 of the strands associated to a given line. However, once we are given
the cyclic arrangement J = (a0, a1, . . . , aD), each label ai has the two “neighbors” ai+1 and ai−1.
For each line of type ai, we remember only the two strands of type ai i±1 and forget the others.
When in this way we keep only two strands for each line in the graph, the lines we keep always
meet smoothly at vertices and G becomes a ribbon graph or fatgraph of a matrix model. (This will
be a matrix model with unoriented index loops, as our fields are real and the individual strands
are unoriented.) In the fashion familiar from matrix models, by gluing in discs whose boundaries
are the closed index loops of type ai i+1 (for all i), we make a closed two-manifold that we will call
ΣJ , since it depends on J .
An important fact will be that the Euler characteristic of ΣJ , which we denote χJ , can be no
larger than 2. We denote it as
χJ = 2− 2gJ , (3.1)
but we note that as our fields are real, ΣJ may be unorientable, so χJ may be odd and gJ defined
this way may be a half-integer. At any rate, the important property is that gJ is nonnegative.
Following [22], we define the “degree” of the graph G as
ω(G) =
∑
J
gJ =
∑
J
(
1− χJ
2
)
. (3.2)
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Thus ω(G) ≥ 0 for all G, and if ω(G) = 0 then gJ = 0 for all J , which means that the ΣJ are all
two-spheres.
As an example of the definition of gJ , we consider the diagram of fig. 5 and take J = (0, 1, 2, 3).
This means that we are supposed to keep strands of type i i + 1 for any i. The planar diagram
made this way is simply the obvious planar diagram associated with the fact that the graph of fig.
5 has been drawn in a plane. ΣJ is a two-sphere, constructed by adding a point at infinity to the
plane in which the diagram has been drawn.
Let v0 and v1 be the number of vertices and edges in the graph G. These do not depend on the
choice of J . However, the number of faces (discs that are glued in when we construct ΣJ ) does
depend on J . We denote this number as v2,J . It is
v2,J =
D∑
i=0
Faiai+1 , (3.3)
since the faces of ΣJ are associated to index loops of type aiai+1 (for some i). We also have
v1 =
D+1
2 v0, because G is constructed from (D + 1)-valent vertices.
The Euler characteristic of ΣJ is
χJ = v0 − v1 + v2,J = −
(
D − 1
2
)
v0 +
∑
i
Faiai+1 . (3.4)
From this formula and (3.2), we can work out a useful formula for ω(G):
2
(D − 1)!ω(G) = D +
D(D − 1)
4
v0 −F . (3.5)
The main point in the derivation is that each pair ab are adjacent in precisely (D − 1)! of the
orderings J and hence each Fab occurs (D − 1)! times when eqn. (3.4) is summed over J .
Now we define the large n limit by taking
j =
J
nD(D−1)/4
(3.6)
with fixed J . A Feynman graph G with v0 vertices and F closed strands (of any type ab) will be
proportional then to
n−(D(D−1)/4)v0+F = nD−2ω(G)/(D−1)! = N1−2ω(G)/D!. (3.7)
Since ωG ≥ 0 for all G, the large N limit of any graph is at most proportional to N , and the graphs
that do make contributions of order N are precisely those – such as that of fig. 5 – with ωG = 0.
It remains then to understand which graphs do have ωG = 0. The basic statement here (Lemma
1 in [22]) is that any graph with ωG = 0 has a face of some type ab with only two vertices (in
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Figure 6: If G has degree 0 and a face F∗ of type ab with only two faces, then a planar diagram of any type
(. . . acb . . . ) looks near F∗ like (a) or (b). In (a), the two vertices of F∗ are connected by a single line labeled
c and in (b) this line is replaced by a more complicated graph such as the one shown.
other words, some strand of type ab forms a closed loop after passing through only two vertices;
for example, in fig. 5 there are two strands of type 01, two of type 02, and two of type 12 with this
property). The proof in [22] is as follows.
If ωG = 0, by definition this means that the total number of faces is F = D(D−1)4 v0 +D. Given
the structure of the interaction vertex ψ0ψ1 . . . ψD, in which each field appears only once, each
closed strand must pass through an even number of vertices. Write Fs for the number of faces with
2s vertices, so
F1 + F2 +
∑
s>2
Fs = F = D(D − 1)
4
v0 +D. (3.8)
Let 2pabρ be the number of vertices of the ρ
th closed strand (or face) of type ab. One-half the total
number of vertices of any face is ∑
ρ,a<b
pa,bρ = F1 + 2F2 +
∑
s>2
sFs. (3.9)
Each vertex contributes to D(D + 1)/2 faces of some type, so
∑
ρ,a<b p
a,b
ρ = D(D + 1)v0/4. Com-
bining these formulass and eliminating F2, we get
F1 = 2D +
∑
s≥3
(s− 2)Fs + D(D − 3)
4
v0. (3.10)
Thus F1 > 0 for D ≥ 3. For the SYK model, one has q ≥ 4 and thus automatically D = q − 1 is
≥ 3. (However, there are variants of the SYK model derived from random cubic tensors [16], and
it is not immediately apparent how to express large N limits of these models without quenched
randomness.)
Suppose now that the graph G has a face F∗ of type ab with precisely 2 vertices. As noted earlier,
if the degree ω(G) vanishes, then for any cyclic order J , the two-manifold ΣJ is topologically a
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Figure 7: Given a graph G as in fig. 6(b) that makes a leading contribution to the vacuum amplitude, the
“interior” of the face F∗ is a graph that makes a leading contribution to the two-point function. This graph
is shown here for the example of fig. 6(b). Gluing together the external lines of ths graph, we get another
graph G′, with fewer vertices than G, that makes a leading order contribution to the vacuum amplitude. In
the case shown, this graph is simply the basic one of fig. 4(b).
sphere, and the graph corresponding to J is planar. Let c be any label in the set {0, 1, . . . , D}
other than a and b. Consider a cyclic order J that reads in part (. . . acb . . . ) (in other words, part
of the sequence is acb). Near F∗, the planar graph that corresponds to the ordering J will have to
look like part (a) or (b) of fig. 6 (this is essentially fig. 2 of [22]). The two cases differ by whether
the two vertices of F∗ are connected by a single propagator with label c (part (a) of the figure) or
something more complicated (part (b)).
If the picture looks like fig. 6(a) for all c 6= a, b, then the graph G is precisely the diagram of
fig. 4(b), which arises at the first nontrivial step of the iteration that produces the leadng graphs
of the SYK model.
Suppose instead that the picture looks like fig. 6(b) for some c. Then we finish the argument
by an induction on the number n0 of vertices in the graph G. Suppose a graph G that contributes a
leading order term to the vacuum amplitude has a face F∗ with two vertices with a local picture that
looks like fig. 6(b). Then the “interior” of the face F∗ is a graph (fig. 7) that makes a leading order
contribution to the two-point function. If we glue together its two external lines, we get a graph
G′ that makes a leading order contribution to the vacuum amplitude. (In the case shown in fig. 7,
this will just be again the basic diagram of fig. 4(b).) On the other hand, we can make another
graph G′′ that also makes a leading order contribution to the vacuum amplitude by replacing the
interior of F∗ by a single propagator (in other words, we modify G by locally replacing fig. 6(b)
by fig. 6(a)). Both G′ and G′′ have fewer vertices than G so by the inductive hypothesis, we can
assume that they are each generated starting with the one-loop vacuum diagram of fig. 4(a) by the
inductive procedure of the SYK model. But then the same is true for G.
To explain part of this more intuitively, we make the following remark. If a graph G has the
property that gJ = 0 for some J , then it is a planar diagram and can be drawn on a two-sphere.
But if ω(G) = 0, then gJ = 0 for all J and there are many different ways to draw G on a two-sphere.
A generic planar diagram can be drawn on a two-sphere in essentially only one way. The inductive
procedure that generates the leading order diagrams of the SYK model generates diagrams that
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can be drawn on the two-sphere in as many ways as possible. For example, fig. 4(b) is drawn as a
planar diagram, and after any permutation of the labels 0,1,2, and 3 it is still planar.
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